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Turbulent mixing in a pulsed plasma-jet exhaust
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High-speed schlieren cinéphotography of the firing of a high-energy plasma-jet
igniter reveal turbulent structures similar in appearance to laboratory models of
thermals or turbulent puffs. Measurements of the growth rates of these features
together with those of their impulse and thermal energy confirm this similarity. A
simple model based on the entrainment assumption gives a good description of the
motion of the element and also of the decay of the internal temperature.

1. Introduction

Recent research into high-energy internal-combustion engine ignition systems has
led to the development of the plasma-jet igniter. Typical of such systems is that
described by Topham, Smy & Clements (1975), in which approximately 3 J of energy
are discharged into a small cylindrical cavity over a period of 30 ps. The resulting
plasma is expelled from the cavity as a quasi-steady supersonic jet, and when viewed
by eye appears as a bright luminous core about 1 cm in length. Measurements of the
ignition characteristics of such devices (Zhang, Clements & Smy 1982) show a time
interval of the order of a millisecond between the cessation of the luminous jet and
the onset of detectable combustion. It is thus of some interest to enquire into the
rate of cooling of the igniter exhaust in this intervening period.

The fluid mechanics of the system can be divided into two distinct phases; a jet
flow which accompanies the current discharge, followed by a turbulent mixing stage,
with the latter persisting for many times the discharge time. Various aspects of the
igniter operation have been described by Topham et al. (1975), Oved et al. (1979),
Cetegen et al. (1980), Grant, Marram & Mcllwain (1983), Clements, Smy & Dale (1981)
and Smy et al. (1982, 1983). None of these papers discuss the overall behaviour of
the jet, and the results will be reviewed here in the context of mixing during the
various phases.

Topham et al. (1982) have shown that, during the later stages, the ejected gas takes
on the appearance of an isolated turbulent element or ‘puff’. The motion of such
elements, deduced on a statistical basis from single-frame photographs of many
events, was shown to follow the similarity laws for non-buoyant turbulent puffs (Grigg
& Stewart 1962; Richards 1965). In the following, we present the results of more
detailed studies of the ensuing motion together with a simple model which predicts
dilution rates. This shows that, over the period of the ignition delay, mixing has
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reduced the mean puff temperature to within a few tens of degrees of the ambient
temperature. This rapid cooling is confirmed by interferometer measurements taken
within the puff.

2. The initial discharge period

On firing the discharge, an almost spherical shock wave is generated at the cavity
exit, followed by a supersonic jet of highly luminous plasma penetrating into the
surrounding atmosphere. Figure 1 is a composite photograph illustrating some
aspects of this penetration phase. Of the various components, which were taken on
different occasions, parts (a), (b) and (c) have been enlarged to a similar scale for ease
of comparison. Figure 1(a) is a streak photograph of the luminous region, the slope
of the front giving the penetration velocity, which is constant during the discharge
period. The curved banded structure running almost parallel to the time axis marks
positions of the Mach disks within the supersonic jet. The striations running almost
normal to the shock bands arise from variations in the jet luminosity and probably
have their origin in arc instabilities. Their slopes are indicative of the local flow speed
(typically 5x10°m/s, compared with the frontal velocity of 5x102m/s) as
demonstrated by Smy et al. (1982), and the velocity changes across the shock bands
can be discerned on the original photograph. Figure 1(b) is a sequence of submicro-
second exposure photographs taken with an image-converter camera. These
show something of the shock structure, and also that the shape of the advancing front
is somewhat unstable, sometimes having a forked appearance. An example from a
corresponding series of photographs taken with a ruby-laser schlieren system
(figure 1¢) shows the shock wave, and behind this the outer extremities of the jet flow.
In contrast with the narrow luminous jet, the outermost regions of the flow have the
appearance of a blunted cone with its base lying in the plane of the cavity exit. The
overall appearance of these schlieren pictures is one of a turbulent mixing zone.

These observed flow features follow the general pattern described in jet penetration
studies, for example those detailed by Hopkins & Robertson (1967) for the two-
dimensional case. Figure 2 is an example of a flow pattern calculated in their paper.
The front of the jet is marked by an advancing stagnation point, the original jet fluid
behind this dividing to form a shell whose outer extent is marked by a dividing
streamline and bounded on the inside by a free streamline, a continuation of the jet
boundary.

The figure is drawn in a frame of reference moving with the stagnation point, whose
velocity of advance V is in our case identified with the slope of the luminous front
of figure 1(a). For constant-density flows the geometry of the streamline pattern is
determined by the ratio of the jet velocity in the reference frame to the counterflow,
or stagnation-point advance velocity, defined in the notation of Hopkins & Robertson
as K. If, as is the case of the plasma jet, the fluids in the two regions are of different
densities, the streamline pattern for a given value of K is unchanged, but the required
counterflow velocity is scaled by the square root of the density ratio. This follows
from the condition that there be no pressure difference across the dividing streamline,
and as a consequence a discontinuity in the tangential velocity component occurs.

We believe that the somewhat irregular shape of the frontal region of the jet shown
in figure 1(b) is characteristic of a moving stagnation point and that the abrupt
quenching of the luminosity is indicative of rapid mixing. The temperature measure-
ments of about 3000 K taken close to the maximum penetration distance (Topham
et al. 1975) indicate density ratios of about 10, and large velocity differences would
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Figure 1. Jet phenomena during the discharge period. (b) is from Topham et al. (1975),
and (c) is from Oved et al. (1979), reproduced with permission.
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Figure 2. Flow pattern of two-dimensional penetrating jet of
half-width 4; after Hopkins & Robertson (1967).
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be generated as the flow accelerates away from the stagnation point. This is confirmed
by the general appearance of the schlieren photographs of the outer envelope of the
flow. Further evidence for turbulent mixing during this phase is offered by figure 1 (d),
a time exposure of part of the outer regions, the brighter core of the jet having been
masgked to prevent overexposure. This clearly shows the structure typical of turbulent
mixing zones. The clarity of the picture, an integrated time exposure, suggests that
the structures in the outer regions move relatively slowly in a frame of reference fixed
in the laboratory, as would be expected from the model of Hopkins & Robertson.

If, as we suggest, the region of the dividing streamline is also one of intense mixing,
the hot plasma will be diluted and cooled to at least the point of nonluminosity within
the timescale of the jet transit time after the cessation of the discharge, or about 5 us.
The fluid contained within the conical region and its circulation patterns form the
initial stages of the later turbulent mixing phase.

3. The final mixing stage

Figure 3 shows a series of schlieren photographs taken from a high-speed ciné film
of the jet firings. They have the appearance typical of small elements of buoyant fluid
in laboratory studies of atmospheric convective clouds (e.g. Turner 1973; Scorer
1978), and exhibit strong geometrical similarity from frame to frame. The short time-
scales over which these elements have been observed, about 10 ms, suggests that, for
the time of interest here, gravitational forces are unimportant to the motion, which is
confirmed to some extent by the fact that their behaviour appeared to be indepen-
dent of the orientation of the device.

The strong geometrical similarity suggests that to a first approximation the
elements can be described by a model based on the assumption of a self-preserving
flow, in a similar manner to thermals. The characteristic scales depend on the initial
impulse 1,, the added enthalpy H, and the ambient conditions, being (H,/p,h,)* and
I,h,/H, for length and velocity respectively, where p, and h, are the ambient density
and enthalpy. For times long enough for mixing to have reduced their density close
to ambient, their behaviour should approach that of the neutral-density puffs studied
by Grigg & Stewart (1962) and Richards (1965).

An account of the behaviour of the thermals of large initial density difference has
been given by Escoudier & Maxworthy (1973), in which they point out the importance
of the virtual inertia for accelerated motions and include it in their analysis. Here
we adapt their model to gravity-free motions having an initial impulse, and compare
the model behaviour with our measurements.

The model is based on the entrainment hypothesis of Morton, Taylor & Turner
(1956) applied to a spherical element. The kinematics of such flows have been
described by Turner (1964) in the case of a spherical vortex. The assumptions are
equivalent to those discussed by Escoudier & Maxworthy as follows:

(i) there is no loss of impulse or heat to a wake;

(ii) the thermal has a spherical shape with uniformly distributed fluid properties;

(iii) the mixing takes place at constant pressure and the gas is assumed to be
perfect;

(iv) ambient fluid is entrained into the thermal at a rate proportional to its velocity
and surface area. The constant of proportionality « is fixed for a given event, but
can vary from one event to another.

To justify the last assumption, Escudier & Maxworthy invoke the experimental
evidence of a constant value of a for a given thermal. In the case of the turbulent
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Ficure 3. Schlieren photography of the mixing elements for the high-energy case:
(a) discarded; (b) run 5; (¢) run 8.

elements described here, although there is similarity over short times, a detailed
examination of their behaviour reveals a slow evolution of forms over long times. To
eliminate the effect of these slow changes in form from the analysis of the experiments,
the actual puff geometries have been replaced by equivalent spherical elements of
the same volume.

Before analysing the non-buoyant puff model in detail, we will examine the
momentum equation to determine the relative importance of the buoyancy terms.
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Following Escudier & Maxworthy, the appropriate form of the momentum equation
can be written as an d

5 g [0 thpg)w] ———b3( —P1)g; ()

where p, is the internal density, b the radius, £ the virtual-mass coefficient and w the
translational velocity. The correct value for k for entraining elements is not known
precisely, but in common with other writers we will assume that it is close to that
for a solid body of the same instantaneous shape. The right-hand side is the total
buoyancy which is conserved during the motion, and hence the equation can be
integrated directly to give y 31,

,6'+kg +41tb3p2 (B+k)’

where I, is the initial impulse and g = p,/p,. Under conditions typical of our
experiments, £ ~ 1072, b~ 1072m, §~ 0.5, I, ~ 107" kgm/s and for a sphere
k = 0.5. With these numerical values the ratio of the gravity term to the inertia term
is of order 1072 and our neglect of gravitational effects can be justified.

The conservation equations for the non-buoyant spherical element then take the
form

w =

2)

mass d

3; (P 0°) = 3ap, b*w, 3)
momentum An

5 Pwley k) = Lo, (4)
energy am

3 0%k —hy) = H,, (5)

where p, and k, are the internal density and enthalpy respectively.
Writing £ = p,/p,, (5) takes the non-dimensional form

b* = (1—4)73, (6)
41tp2h2)§
¥k — & @
where b —-b( 3H, )

Substituting for 52W and b from (4) and (5) into (3) and putting x = 8/(1—f), the
following nondimensional differential equation is obtained:

dx (14 =)}
Frrial TR sy @
where . ( ) [p2 h] 41,
~\3 H pz-

At the start of the motion the internal density is taken to be zero, giving the
boundary condition z = 0 at t* = 0. Equation (7) can then be integrated to give

at* = J(1+k) (L +a)— (1 + 2} +1E3—k). ®)

On turning now to the momentum equation, this takes the non-dimensional form

1-p H
* — * [
w —,5' A where w —whzlo.
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This can be expressed in differential form as

dz* 1

PR vy ®)
the quantity z* being the non-dimensional distance travelled by the centre of gravity
of the element. Equations (7) and (9) can be used to derive the following relationship
between z* and x: dz* 1

dr ~ 3a(l+z)¥’

which integrates to
1+az* = (142

From the definition of x and (6), we obtain
b* = 1 +oaz*, (10)

and the successive outlines of the puff map out a truncated cone of half-angle
tan™! « at all times. Putting k = 1, the value appropriate to a sphere, the motion is
described by the following non-dimensional equations:

at* =3 (1 +az*)t — (1 +az*)+32, (11)

2
o 2
v 3(1 +az*)®—2 (12)
Figure 4 shows the solution of (11) together with the short- and long-time
asymptotes. The puff starts with unit radius and an initial velocity w* = 2, all the
momentum residing in the external fluid; at long times the motion approaches the
asymptotic condition

at* = 2 (az*)s. (13)
The corresponding equations for a 2-dimensional puff are

at* = 2 (1 +az*)®— (1 +az*)+4, 14
3 3

P P — (15)
2(1 +az*)2—1’

and for long times
at* = 3az*)3. (16)

4. Measured puff behaviour

Tests were performed on the plasma jet over a range of initial stored energies from
0.5 to 5 J with discharge times of between 8 and 40 ps to current maximum. Although
the discharge times are small compared with the life times of the observed turbulent
puffs, the rate at which the energy was introduced had a considerable influence on
the mixing configuration during the early times of observation, ranging in appearance
from a well-formed isolated ‘ puff’ to a shape reminiscent of the starting plume (Turner
1973). In general, the form of the mixing region evolved with time, and for the present
experiments discharge conditions were chosen that minimized these changes in form,
conditions that coincidentally had been used for combustion studies. Results will be
described from two sets of discharge conditions: 15 uF at 800 V and 4 pF at 700 V,
providing 4.8 and 0.98 J of stored energy respectively.
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Fieurg 4. Tdealized non-buoyant puff solution (11).

The events were photographed with a Fastax high-speed ciné camera running at
about 4000 frames per second using a double-pass schlieren system to record the
evolution of the mass of heated gas. Separate experiments were performed to
determine the total energy and momentum imparted to the gas and also to measure
the temperature within the puff at various distances from the cavity exit. Since these
sets of measurements were carried out independently, and the results obtained as
averages of many events, we do not have a complete description of any one event,
but nevertheless the measurements do provide a background against which the
scaling laws can be tested.

The actual energy introduced into the gas was measured by discharging the device
into a closed volume and measuring the resulting pressure rise, the apparatus used
being similar to that described by Smy et al. (1983). The conditions for stored energies
of 4.8 and 0.98 J yielded values of M, of 0.288 and 0.088 J respectively, these figures
being averages of about 10 events, with a scatter of +109%,. The low proportion of
the stored energy actually imparted to the gas is typical of such devices; see for
example Smy et al. (1983) and Carleton, Vince & Weinberg (1982) for further
examples. Most of the energy is absorbed in electrical-resistance losses and in the arc
anode and cathode voltage drops.

To measure the total momentum imparted to the gas, the discharge chamber was
mounted on an enclosed pendulum with the current supply led via mercury-pool
contacts. The firing of the discharge was synchronized to the pendulum motion so
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that the momentum imparted by the device was summed over many events. The
momentum added was deduced by comparing the damping rate of the pendulum with
and without the plasma jet firing, by means of a mirror attached to the apparatus
and a simple light lever. It was found that more-consistent results were obtained by
increasing the decay rate with magnetic damping rather than relying on atmospheric
and bearing friction (D. Simeoni 1983 private communication). Any possible effects
of electromagnetically induced torques were assessed by replacing the discharge path
by a direct circuit: no effect could be detected. The stored energies of 4.8 and
0.98 J imparted total impulses of 2.26 x 107® and 1.2 x 107% kg m/s respectively,
these being averages of about 100 events each. The repeatability of successive sets
of measurements was +59;.

The density changes within the puff were measured as they traversed an optical
probe placed at known distances from the cavity exit. Light from a laser interferometer
was led into the path of the puff along a pair of opposing hypodermic needles, the
separation between the ends of the needles defining a cylindrical measurement volume
about 1 mm long and I mm in diameter. Changes in fringe position were sensed with
a photodiode and fed to an oscilloscope which gave a record of the variation of density
at a point as the puff passed the probe. As might be expected, the individual
measurements had a large scatter, as the temperature is a function of the puff
expansion angle and the point within the puff. The system is described in greater
detail by Clements et al. (1983).

The ciné films were analysed by digitizing the position of the advancing front and
the extremes of the puff in a direction normal to the motion. As can be seen in the
example shown in figure 3, the shape of the heated gas changed from conical at the
instant the discharge ceased to roughly spherical after about 5 ms. Single-frame
photographs confirmed the symmetry about the direction of travel. A certain amount
of subjective judgement was exercised in the analysis of the early frames, as often
only a part of the ejected gas evolved to the spherical form, the remainder forming
a ‘wake’ region or trail. In these cases, specific features on the outer edges of the final
form were identified and their positions followed back to earlier times. Figure 3(b)
shows such an example, whilst 3(¢) has a more clearly defined structure. Figure 3 (a)
is an example of a rather irregular formation which was discarded from the analysis.
At long times when the density differences become small, the radial extent of the
heated gas can no longer be discerned, although the advancing frontal region can be
tollowed to rather longer times. This introduces a certain bias into the interpretation
of the behaviour which will be discussed later.

Figure 5 shows a typical example of the digitized data, and is a plot of the
maximum half-width of the puff against the position of the advancing front. The puff
appears to expand rapidly at first, with a rather abrupt transition to a low expansion
rate at long times. The corresponding curves of the position of the advancing front
as a function of time show no such sudden changes, however. A close examination
of the films revealed that the apparent decrease in expansion angle arose from a
change in geometry rather than a reduction in the rate of volume increase. It is clear,
perhaps not surprisingly, that these are not exactly self-preserving flows. To enable
a comparison to be made with the theory of §3, the actual puff shapes have been
replaced by equivalent spherical elements having roughly the same volumes. This was
done for a few selected frames from each film, equivalent sphere radii were calculated
and the corresponding front positions calculated from a polynomial curve fitted to
the front-position-time data. The resulting points are shown on figure 5 for com-
parison with the actual width measurements. The volume-averaged radii give a more
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FIroUurE 5. Maximum half-width of puff as a function of maximum penetration
distance: +, digitized points; @, equivalent spherical radius.

linear expansion, and these have therefore been used to define values of the para-
meter a for each experiment. Figure 6 summarizes the linear fits to the equivalent
spherical radii for all eight sets of data.

To reduce z’, the measured position of the front of the element, to 2, the position
of the centre of the sphere from the origin defined in the model, three corrections must
be made. The apparent position z, of the apex of the conical expansion, the distance
z, from the apex to the point at which the non-dimensional radius is unity, and the
equivalent spherical radius b must all be subtracted. In symbolic form

—_— /_ — —
z2=2—z,—2,—b,

where

g
2T 4mp, k,

Z_z’—zo__£< 3H, )5
T it+a al\dmnp,hy)

1
> , b=alz+z),

giving

Figures 7 and 8 show plots of the time as a function of the fourth power of the
corrected axial distance z for the low- and high-energy experiments, the corresponding
values of a being listed in table 1. These plots are expected to tend towards linearity
at long times (see (A 1) in the Appendix). Figures 9-11 show the results in
non-dimensional form as at* as a function of (az*):. There is no well-defined time
origin for the experimental results in this form, since the origin of the distance
coordinate z has been defined on the basis of a self-preserving flow approximation
to the true behaviour. The times for each experiment have been adjusted to
correspond to zero at z = 0; as can be seen, the sets of points from the different
experiments are brought to near-coincidence.

Figure 9 shows the results of the low-energy conditions, where it can be seen that,
compared with the unscaled results of figure 7, the scaling has afforded a reasonable
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FiguRe 7. Time as a function of the fourth power of the corrected axial distance z for the

collapse of the data. Figure 10 shows the results of the high-energy experiments, and
a similar collapse of the data is obtained. It should be noted that the scaling has
condensed the high-energy results to a small proportion of the range covered by the
low-energy results, even though they extend over greater distances in real space.
For comparison, figure 11 shows a portion of the low-energy results to the same
scale, and, apart from an offset in the timescales, the results from the two different
energy conditions give very similar curves.
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FicUurk 8. Time as a function of the fourth power of the corrected axial distance z for the
high-energy results; symbols as in table 1.

Stored
Run no. energy (J) Symbol a 2o (cm) t, (ms)
i 0.98 O 0.363 —0.027 —-3.0
2 0.98 < 0.498 0.559 —-2.0
3 0.98 A 0.598 —0.554 —4.0
4 0.98 + 0.276 —3.379 —-6.0
5 4.8 [ | 0.453 2.965 0.0
6 4.8 o 0.503 1.056 0.7
7 4.8 A 0.327 —0.348 —6.0
8 4.8 X 0.337 —0.743 —6.0

TasLE 1. Conditions and parameters of the experimental data
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Ficure 9. Non-dimensional presentation of the low-energy, symbols as in table 1; —, theory

adjusted to be asymptotic to Richards’ (1965) result C; = 0.33; ———, C, = 0.85.
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¥Fioure 11. Non-dimensional presentation of the low-energy results to the same scale as figure 10.

Table 2 lists the temperature measurements, and in each case the result is an
estimate of the mean puff temperature averaged over many shots. The results are
shown in figure 12, with the parameter 1 — g plotted as a function of at*, and the two
sets are consistent with the predicted scaling. Figure 13 shows a typical oscilloscope
trace of the interferometer output.

FLM 148
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Stored
energy (J) Time (ms) AT (°C)
0.98 2 40
0.98 4 14
0.98 5 14
0.98 9 10
4.8 0.4 400
4.8 1.5 120
4.8 5.0 30
4.8 7.0 20
4.8 12.0 14
4.8 20.0 7

TaBLE 2. Measured mean puff temperature above ambient temperature
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Froure 12. Non-dimensional presentation of density measurements;
O, low-energy results; @, high-energy results.
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Ficure 13. Tracing of a typical oscilloscope trace of the interferometer output.
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5. Discussion

Two distinet mixing phases for the dilution of the plasma-jet exhaust are suggested
by our results. First, during the electrical discharge, the density differences in the
flow give rise to high rates of shear as the jet penetrates into the quiescent ambient
fluid. Laser schlieren photographs taken during this period give the appearance of
a turbulent mixing zone, confirmed by still photographs of the outer portions of the
luminous region, which exhibit eddy structures typical of an entraining flow.
Although we have no other direct evidence, the high overall Reynolds numbers during
this phase, of order 104, suggest that turbulence plays an important role in the
formation of these structures.

After the cessation of the discharge, the mass of heated gas evolves from its initial
cunical shape to an approximately spherical turbulent element. The major part of
this transition is completed within about 5 ms, although not all the fluid ejected is
incorporated into the spherical element during this time, some remaining as a wake
or ‘tail’. At later times the turbulent element grows in an approximately similar
geometrical pattern. The departures from true similarity generally take the following
form: the element at first is rather flattened in its direction of motion, and at later
times becomes more spherical, and during this transition period fluid accumulates
at the rear of the element in preference to the radial direction. At this time the element
is entraining fluid that originally formed the ‘wake’ or tail in the earlier formation
stages. This fluid has associated with it some of the thermal energy and momentum
originally imparted to the gas within the cavity. Our optical system did not have
the sensitivity to follow the motion long enough to determine the ultimate form of
our elements.

The model results of (11) are shown as the solid line on figure 9, with the coefficients
adjusted to match the asymptotic solution to Richards’ (1965) empirical results for
the neutral density puff (see the Appendix). There is a large discrepancy between this
calculated curve and the experimental results, and the following possible explanations
are offered. First, in fitting a mean value of « to a given set of results, a bias towards
earlier times is introduced, since the inferior resolution of the photographs in the
transverse direction limits the time over which the expansion rate can be determined,
whereas the frontal position could be followed for much longer times. Thus the mean
value of a used in the scaling may be larger than is appropriate for the longer times,
as the actual puff behaviour is not exactly self-preserving and there is a tendency
for the expansion rate to decrease with time. Secondly, the internal structure may
differ from Richards’ case, and the value of 0.33 for the constant C; may not be
appropriate.

The representation of the results in the form chosen for figures 9-11 is rather
sensitive to changes in the parameter a, and as an example the dotted curve running
parallel to the experimental points has been drawn by changing the scales of the
theoretical curve to simulate the effect of reducing & to 75 9, of the measured values.
Such a reduction is in keeping with the observed departures from similarity. By way
of contrast, an increase in the value of C; from 0.33 to 0.85 is required if this alone
is the reason for the mismatch between theory and experiment.

The view that the discrepancy arises from inappropriate values of a is reinforced
if the measured and calculated densities are compared. This is shown on figure 12,
and with this presentation the sensitivity of the theory to changes in the values of
a and Oy is the same. The curve is the theoretical solution, scaled to account for a
259, reduction in «. The measurements follow the trend indicated by the theory,

8-2
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Experiment a t, (8) V. (m/s)
Plasma-jet puffs 0.4 0.004 20
Metal particles/water 0.25 0.02 2.0
High-energy detonation 0.1 3 30
Trinity explosion 0.1 15 150

TasLE 3. Comparison of plasma-jet parameters with related phenomena

although the points lie somewhat above the curve. If, however, the theoretical curve
is plotted with C, set to 0.85 instead of 0.33, a very large discrepancy is introduced.
Thus it is only possible to reconcile the theoretical results with the measurements
of both puff position and density by slightly reducing the estimates of a at longer
times.

A third source of departure of the model from reality is the loss of fluid to a wake.
In the early stages our division of the fluid into ‘ puff’ and wake is somewhat arbitrary,
and, as at least some of this residual fluid is later incorporated into the rear of the
puff, it is difficult to assess the overall effect. 1t is possible, however, to estimate the
expected loss of impulse to the wake over larger times if, following Escoudier &
Maxworthy (1973), a drag coefficient is defined and the loss of impulse determined
by integration over the time of interest. The loss of impulse Al can thus be
written as

2
Al = f 10 mh?w? dt.
0

Taking Cy, from Escoudier & Maxworthy (1973) in the range 107’1072 and estimating
the integral from the measured puff yields a change in impulse pulse in the range
10751077 kg m/s over 20 ms, compared with the measured total impulse of order
1073 kg m/s. Thus over the later stages of the observation period the wake losses are
not severe.

The detailed behaviour of our turbulent elements clearly violates some of our
assumptions, viz. those of no wake and of exactly self-preserving development, but
nevertheless the results are correlated well by parameters based on the similarity
analysis. We feel that, in spite of these shortcomings, the self-preserving entrainment
formulation provides a useful framework for the discussion of parameters controlling
the ignition characteristics of such devices.

Our present results occupy a range of characteristic time and velocity scales
unexplored by previous work, as can be seen by a comparison with those of related
phenomena, taken here from table 1 of Escoudier & Maxworthy and displayed in
table 3. It can be seen that our timescales are an order of magnitude shorter than
other short-timescale work, principally on very heavy thermals, but that the velocity
scales are typical of high-energy explosions.

Appendix

It is interesting to compare the dimensional form of the long-time asymptotic
solutions for the spherical and cylindrical cases with those derived by Richards (1965).
The long-time solutions of (13) and (16) take the dimensional forms

=_3_Iooct’ (a2)® =glooct
21 p, T P

for the two- and three-dimensional cases respectively.

(az)?

(A1)
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The corresponding solutions in Richards’ formulation are

~ 3 ~n4
<Z_> _30, bl <i> — a0l (A2)
n P A\ P M

where 2’ is the position of the leading edge of the puff and » is the ratio z’/b. The
parameters n and a are thus related geometrically by

1

n—1"

Noting that az = z'/n, both being by definition the radius, (A 1) can be recast in
Richards’ notation as

<§>3__3__"_££ <Z_'>4_§_ﬁ_£q£
n)  2mm—1p,n° \n)  mn—1p,n’

Comparing these with Richard’s relationships (A 2) gives

1 n
C,=0C,= YT
The mean values of n for Richards spherical and cylindrical experiments were 3.5
and 4.5 respectively, yielding

C, =020, C,=022

compared with Richards empirical values of C, = 0.27 and C, = 0.33. Thus the
asymptotic form of our solutions is at least compatible with Richards, experimental
findings.
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